IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On the construction of integrable closed chains with quantum supersymmetry

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1997 J. Phys. A: Math. Gen. 30 2483
(http://iopscience.iop.org/0305-4470/30/7/026)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.112
The article was downloaded on 02/06/2010 at 06:15

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/30/7
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Ger30 (1997) 2483-2487. Printed in the UK Pll: S0305-4470(97)79228-X

On the construction of integrable closed chains with
guantum supersymmetry

Jon Linkg§ and Angela Foerstegj

1 Department of Mathematics, University of Queensland, Queensland, 4072, Australia
1 Instituto de Fisica da UFRGS, Av. Bento Goncalves, 9500, Porto Alegre, 91501-970, Brazil

Received 31 October 1996

Abstract. We present a general prescription for the construction of integrable one-dimensional
systems with closed boundary conditions and quantum supersymmetry.

The quantum inverse scattering method (QISM) has proved to be fruitful in the study
of integrable models. A large part in the success of this theory has been the presence
of quantum algebras which provide a systematic means by which to construct solutions
of the Yang—Baxter equation. The usual approach to QISM involves the imposition of
periodic boundary conditions. However, this has the effect of breaking the quantum algebra
symmetry of the model for those which are derived from a quantum algebra invariant
R-matrix. This fact is the result of the non-cocommutativity of the co-product action.

Recently it has been observed that it is in fact possible, using another approach, to
construct models with closed boundary conditions whilst maintaining quantum algebra
invariance [1-5]. In all these examples tiRematrices were of the Hecke algebra type,
and this fact was exploited in the analysis of the models. What we wish to illustrate in
this letter is that quantum algebra invariant models with closed boundary conditions exist
on a more general level. Our approach is similar to the open chain case in that we use the
reflection equations [6] to evaluate the transfer matrix. If the trivial solution for the reflection
equation exists, we can build an integrable periodic quantum algebra invariant model. These
models exhibit behaviour similar to closed chain models with twisted boundary conditions,
however now the boundary conditions become sector dependent. For a discussion of this
point in the case of th& XZ chain we refer to [4].

Below we will work in the more general framework of quantum superalgebras, in view
of their increasing importance in the study of integrable correlated electronic systems [7, 8].
Throughout we will be dealing with supersymmetric, or more precigehgraded, vector
spaces. All matrix operators on these spaces areZalgpaded (see [9, 10]). Lét be such
a Z,-graded vector space and consider an invertible spectral parameter dependent operator
R(u) which provides a solution to the Yang—Baxter equation

R1o(u — v) R13(u) R23(v) = R23(v) R13(u) R1o(uv) 1)
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defined onV1 ® V> ® V3 with the standard notatioR;; (1) € End (V; ® V;). The usual rule
for multiplication of tensor product operators applies; viz.

(A® B)(C ® D) = (-1)!PI94C @ BD @)

where A, B, C, D, are all homogeneous operators awd E Z, denotes the degree of the
operatorA. Equation (2) extends to inhomogeneous operators through linearity. We assume
further thatR (1) satisfes the following properties

1. Unitarity

Ri2(u) Roa(—u) = f(u). 3)
2. Crossing unitarity

Riy(u + 20 MaRG (—i)M ™ = f(u). )

Above, f(u) is an even scalar function of, #; denotes matrix supertransposition [10] in
theith spacey is the crossing parameter al = M’ is the crossing matrix, satisfying

[R12(u), MiM>] = 0. (5)
Using (5), equation (4) may be written in the equivalent form
M1RE )My R (—u + 2n) = f(w). (6)

We note that it was shown in [8] that arR-matrix obtained from a loop representation of

an untwisted affine quantum superalgebra necessarily possesses the properties of unitarity
and crossing unitarity. Let, denote the underlying irreducible representation with highest
weight A for the quantum superalgebi,(¢) and letp be theZ,-graded half-sum of
positive roots. We have from [8] that= %(\If, W + 2p) whereW is the highest root of

andM = m,(¢%) with h, the element of the Cartan subalgebra duas.tdVe also remark

that R(u) intertwines the co-product for the quantum superalgebra; i.e.

R)(wa @ mA)Aa) = (T @ Ta) A(a) R(u) Va € Uy(g) (7

where A, A denote the two co-products féf, (g).
For such anR(u), introduce even matriceX *(u), K~ (u) € EndV satisfying the
following [6]

Ri2(u — v)K{ () Ro1(u +v) K, (v) = Ky (v)Ri2(u + v) K (u)Roa(u — v) 8)
Ris(v — u)Kf(u)M£1R21(—u —v+ 217)M1K£r(v)
= M1K; (V) Rio(—u — v + 20) M7 K () Roa(v — ). )

Equations (8) and (9) are commonly referred to as the reflection equations. It has been
observed that equation (9) can be made redundant [&].7Ifu) satisfies (8), then

K ()= MK (—u+n)

can be shown to satisfy (9) by using the property (5). Here we will only concern ourselves
with those cases such th&t (1) = I is a solution to the first reflection equation. In other
words theR-matrix must satisfy

R12(u) Ro1(w) = Ria(w) Roa () Vu,w e C (10)

and we then hav& ™ (u) = M.
Defining theconstantR-operator as

R = lim R(u)

u—>00
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we construct theloubledmonodromy matrix

T(u) = Roy(u)Ron—1(u) ... Ror(u)R10R20. .. Ryo

where the subscripts 0 and,2 ..., N denote the auxiliary and quantum spaces,
respectively. This operator satisfies the following Yang—Baxter relation

Rio(u — v)T13(u) R21T23(v) = T23(v) R12T13(u) Roy(u — v) (11)

which can be shown by induction on the length of the chilin For the initial case of
N = 0 the above equation is equivalent to (10) with— oo. Notice in (11) the presence
of constantR-matrices instead of spectral parameter depen@®emtatrices, which appear
in the corresponding relation for the open chain case [8]. This simplifies drastically the
calculations of the Bethe ansatz (see, e.g., [2,5]) which is one of the advantages of the
present approach.

Next define the transfer matrix by taking the following supertrace in the auxiliary space

1(u) = stio(MoT (u))
which can be shown to form a commuting family; viz.
[t(),t(v)] =0 Vu,v e C.

The proof of the above statement can be mimicked from that given in [8] for the open chain
case by utilizing the crossing unitarity property. SettR@) = PR(u), R = PR where P
is the Z,-graded permutation operator [9, 10] we may write

t(u) = stp(MoRoy (1) ... Ror1(u)R1g. . . Rno)
stio(MoRno(u) Ry—1.x (1) ... Ri2(u) R12Rz3. .. Ry—1.y Ryo)
with each of the operatoré,-j (u) quantum algebra invariant as seen from (7); i.e.
[R@w), (A ® TA)A@] =0 Va e Uy(g).
We now define the Hamiltonian to be given by
H =1 )t ™) u=o

where the prime indicates differentiation with respect to the variabldsing the assumption
that the R-matrix is regular; i.e.

Rl =1®1
we may deduce that
t () u=o = Stlo(MoR12R23. .. Ry—_1,x Rno)
=g 2 R1oRos. . Ry_1w
where we have used the result from [11] (lemma 2) that
(I @St ® Ta(g?" )R = g™+

with (A, A + 2p) the eigenvalue of the second order Casimir for the associated classical
Lie superalgebra. Defining the local Hamiltonians

d .
Hiiv1= @Ri,ﬂrl(’/‘)

u=0

we also have
N-1

t'(U)]ymo = g 4112 Z H;iy1R12Ro3. .. Ry_ 1.y + Stlo(MoHyoR12R23. .. Ry_1.8 Ryo).
i—1
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In terms of R(u), the Yang—Baxter equation reads
iéjk(u)léij (u + U)Iéjk(v) = Iéij(v)éjk(u + U)Iéij ()
wherei, j, k can represent any embedding of the triple tensor space iniNhe 1)-fold

tensor product space. Letting— oo, then differentiating with respect to and setting
u = 0, yields the relation

HjRi; R = RijRjx Hij. (12)
Using this result we then find
Stio(MoHyoR12R23.. .. IéNfl,NIéNO) = stio(MoR12Rs3. . . IéN72,N71HNOI\éN—l,NIéNO)
= Stio(MoR12Ro3. .. Ry_1n RnvoHy—1.n)
=g RoRos. . Ry_anHy-1n-

It follows that our expression for the Hamiltonian may be written as

N-1
H =" H,u+ Ho (13)
i=1
where
Ho=GHy_1 yG1 (14)
and
G = Ri2Rps... Ry_1n. (15)

The quantum superalgebra invariance of the above Hamiltonian results from the quantum
superalgebra invariance of each of the matri@¢s). This general result is in complete
agreement with those cases studied in [1-5]. The Hamiltonian (13) describes a closed chain
in the sense that

GHiiy1 = Hij1i12G i=12..,N-2 GHo = Hy,G.

These relations follow from (12). From the equations above we see immediately that
[G, H] = 0 which is to be expected since

—(A,A+2,
G =q "M w0

The term Hy in the Hamiltonian is a global operator; i.e. it acts non-trivially on all
sites. However, we can in fact interprdt as a local operator which couples only the sites
labelled 1 andV. To see this we consider

[Hiis1, Hol = Hij1aGHy 1nG ™ — GHy 1 nG " Hji11

=GH;_1;Hy-1nG ™ — GHy_1yH;_1,G™* fori #1

=0 fori #N —1
so thatHy, commutes with all the local observablés; ; exceptH;, and Hy_1 y. Thus
effectively Hy acts only on the first an&vth spaces. Notice that in the models studied
in [1-5], the discussion of periodicity and essential locality [5], relied on the fact that the
R-matrices were of Hecke algebra type. Our approach is much more general and can be
applied for anyR-matrix such thatk —(u) = 1 is a solution to the reflection equation (8).

In conclusion we have given a new general description of integrable periodic chains
which is manifestly invariant with respect to the underlying quantum superalgebra symmetry.
Our prescription gives a consistent generalization of those particular cases studies in [1-5]
but can also be applied to a larger class of (higher spin) models (e.g., spKZlchain).
Finally we would like to add that in the rational limit — 1, our transfer matrix and

thus Hamiltonian reduce to the usual expressions for the periodic case using the fact that
Iimq_>1 R =P.
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